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Abstract. The nef cone volume appeared first in work of Peyre in a number-theoretic
context on Del Pezzo surfaces, and it was studied by Derenthal and co-authors in a
series of papers. The idea was subsequently extended to also measure the Zariski
chambers of Del Pezzo surfaces. We start in this paper to explore the possibility to
use this attractive concept to effectively measure the size of the nef cone on algebraic
surfaces in general. This provides an interesting way of measuring in how big a space
an ample line bundle can be moved without destroying its positivity. We give here
complete results for simple abelian surfaces that admit a principal polarization and
for products of elliptic curves.
Introduction
The concept of nef cone volume appears first in work of Peyre [9] in a number-
theoretic context (Manin’s conjecture) on Del Pezzo surfaces, and was subsequently
studied by Derenthal and co-authors in a series of papers [3, 4, 5, 6, 7, 8]. It
was shown in [1] that an extension of this notion can be used, beyond its number-
theoretical origins, to measure the size of Zariski chambers (and also of the whole big
cone) on Del Pezzo surfaces. In the present paper we start exploring the possibility
to use this attractive concept to effectively measure the size of the nef cone (or the
big cone) on algebraic surfaces in general.
To begin with, it is natural to generalize the construction from [5] by fixing an
ample line bundle H on X (which was −KX in the Del Pezzo case) and proceeding
in the following way: Using the half-space
H61 = {L ∈ NSR(X) H · L 6 1}
we define for any cone C ⊂ NSR(X) its cone volume with respect to H as the volume
of the truncated cone C ∩H61. We will use the notation
Vol(C,H) := Vol(C ∩H61) .
Here the volume on the right-hand side is taken after identifying the Ne´ron-Severi
vector space NSR(X) with R
ρ(X) by means of an isomorphism induced by a lattice
basis. (In other words, we normalize the volume on NSR(X) by requiring that a
fundamental parallelotope of the lattice NS(X) has volume one). The quantity is
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2then independent of the choice of the lattice basis. In particular, the nef cone volume
of X with respect to H,
Vol(Nef(X),H) ,
is then an invariant that is naturally attached to the polarized surface (X,H). Geo-
metrically, we may think of it as telling us in how big a space an ample line bundle
can be moved without destroying its positivity.
For simple principally polarized abelian surfaces and for products of two elliptic
curves, we develop in this paper a complete picture of how nef cone volumes are
behaved.
Theorem 1 Let X be a simple abelian surface which admits a principal polarization,
and let H be any ample line bundle on X (not necessarily a multiple of the principal
polarization). Then the nef cone volume of X with respect to H can be determined
in terms of End(X), specifically:
(a) Suppose that X has only integer multiplication, i.e., End(X) = Z. Then
Vol(Nef(X),H) =
1√
2H2
.
(b) Suppose that X has real multiplication, i.e., EndQ(X) = Q(
√
d) for some
square-free integer d > 0, and let f > 1 be the conductor of End(X) in
EndQ(X) (see Sect. 2 for details). Then
Vol(Nef(X),H) =

1
2f
√
d(H2)
if d ≡ 2, 3 (mod 4)
1
f
√
d(H2)
if d ≡ 1 (mod 4)
The same formula applies when X has complex multiplication: In that case
the numbers f and d are to be taken from the order Endsym(X) in the real-
quadratic subfield EndsymQ (X) = Q(
√
d) ⊂ EndQ(X).
(c) Suppose that X has indefinite quaternion multiplication, and write EndQ(X) =
Q+ iQ+ jQ+ ijQ, and End(X) = Z⊕ Za⊕ Zb⊕ Zab with suitable primitive
Rosati invariant elements. Then
Vol(Nef(X),H) =
pi
√
2
3
√
|detSδ(a, b)|(H2)
3
2
.
(see Sect. 2 for details, in particular for the definition of the matrix Sδ(a, b).)
Theorem 2 Let X = E1×E2 be a product of two elliptic curves, and let H be any
ample line bundle on X.
(a) If E1 and E2 are not isogenous, then
Vol(Nef(X),H) =
1
(H2)
.
3(b) Suppose that E1 and E2 are isogenous and have no complex multiplication, i.e.
End(E1) = End(E2) = Z. If σ : E1 → E2 is an isogeny of minimal degree,
then
Vol(Nef(X),H) =
pi
3 ·√2 · deg(σ) · (H2) 32 .
(c) Suppose that E1 and E2 are isogenous and have complex multiplication. Write
EndQ(Ei) = Q(
√
d) with a square-free integer d < 0, and let f1 and f2 the
conductors of End(E1) and End(E2), respectively. Then
Vol(Nef(X),H) =

pi
6 · LCM(f1, f2)
√
|d|(H2)2 if d ≡ 2, 3 (mod 4)
pi
3 · LCM(f1, f2)
√
|d|(H2)2 if d ≡ 1 (mod 4).
Our work is based on the observation that the volume of the positive cone
Pos(X) =
{
D ∈ NSR(X) D2 > 0, H ·D > 0
}
is governed (on any smooth projective surface) by the discriminant of the Ne´ron-
Severi lattice (see Prop 1.1). In the case of abelian surfaces, the positive cone and
the pseudo-effective cone both coincide with the nef cone. Therefore, the issue in de-
termining the nef cone volume is to find effective ways to determine the discriminant.
We show for simple abelian surfaces how the discriminant depends on the structure
of the endomorphism ring and we determine it in terms of the ring-theoretic data
(see Section 2). For products of elliptic curves E1 × E2, the main case is when E1
and E2 are isogenous curves with complex multiplication; the crucial point here is
to express the discriminant in terms of the conductors (see Theorem 3.5).
Note that, as we make essential use of the isomorphism of NS(X) with the group
Endsym(X) of symmetric endomorphisms, our present methods shed no light on the
non-principally polarized case. The question of nef cone volumes is of course equally
of interest there, and it would be very interesting to see how the picture extends.
1. The volume of the positive cone on algebraic surfaces
The positive cone of a smooth projective surface X is by definition
Pos(X) =
{
D ∈ NSR(X) D2 > 0, H ·D > 0
}
where H is a fixed ample divisor. We show here that its cone volume can be com-
puted in terms of the self-intersection of H and the discriminant of the Ne´ron-Severi
lattice:
Proposition 1.1 Let X be a smooth projective surface and H an ample divisor.
Denote by ρ the Picard number of X and by ∆ the discriminant of the Ne´ron-Severi
group (i.e., the determinant of the Gram matrix with respect to a lattice basis of
NS(X)). Then the cone volume of the positive cone is given by the formula
Vol(Pos(X),H) =
Vρ√
|∆| · (H2)ρ/2
4where Vρ is the volume of the truncated cone{
x ∈ Rρ 0 6 x1 6 1 and x21 − x22 − · · · − x2ρ > 0
}
.
Remark 1.2 For abelian surfaces we have 1 6 ρ 6 4, so in that case we will only
need the following numerical values of Vρ:
V1 = V2 = 1, V3 = V4 =
pi
3
Proof of the proposition. Let S be the matrix of the intersection form with respect to
a lattice basis. We can find an R-basis B1, . . . , Bρ of NSR(X) with respect to which
the intersection form is diagonal and where B1 = 1/
√
H2 ·H. Let T ∈ GL(n,R) be
a change of base matrix satisfying T tST = Diag(1,−1, . . . ,−1). In particular, we
have then |detT | = 1/
√
|∆|, as ∆ = detS. The truncated positive cone
Pos(X) ∩H61
(more precisely, its coordinate set with respect to the lattice basis) is mapped by
T−1 to the set {
x ∈ Rρ 0 6 x1 6 1√
H2
and x21 − x22 − · · · − x2ρ > 0
}
Upon multiplying this set by
√
H2, we obtain the subset of Rρ given in the statement
of the proposition. Therefore the volume of the latter set is given by
Vρ = (
√
H2)ρ · ∣∣detT−1∣∣ ·Vol(Pos(X) ∩H61)
and this implies the assertion. 
Thanks to the inclusions of cones
Nef(X) ⊂ Pos(X) ⊂ Big(X)
the proposition immediately yields the following estimates:
Corollary 1.3 In the situation of Prop 1.1 we have
Vol(Nef(X),H) 6
Vρ√
|∆| · (H2)ρ/2 6 Vol(Big(X),H) .
This shows in particular that the nef cone volume can become arbitrarily small since
Vρ/
√|∆| can be arbitrarily small. (This happens for suitable abelian surfaces with
real multiplication, see Sect. 2.)
On abelian surfaces, the positive cone and the pseudo-effective cone both coincide
with the nef cone. Therefore, as a consequence of Prop. 1.1, determining nef cone
volumes of abelian surfaces is equivalent to determining their discriminants:
Corollary 1.4 Let (X,H) be a polarized abelian surface. Then the nef cone volume
of X is given by
Vol(Nef(X),H) =
Vρ√|∆| · (H2)ρ(X)/2 .
52. Volumes of simple abelian surfaces
Let in this section X be a simple abelian surface admitting a principal polariza-
tion L0. Our purpose it to determine the nef cone volume
Vol(Nef(X),H)
with respect to any ample line bundle H on X. We will make use of the classifica-
tion of endomorphism algebras of abelian varieties (see [2]), and work according to
whether X has integer, real, complex or quaternion multiplication. The results in
this section prove Theorem 1 from the introduction.
Type 0: Integer multiplication. Suppose that End(X) = Z. As L0 gives a
basis of NS(X), we have ∆(X) = 2 for the discriminant. Prop 1.1 then implies
Vol(Nef(X),H) =
1√
2 ·
√
H2
.
Alternatively, the result can in this simple case be obtained more directly by noting
that for H = c · L0 with c > 0 we have:
H61 = {L ∈ Nef(X) H · L 6 1} ≃ {x ∈ R x 6 12c}
and hence the truncated nef cone is
Nef(X) ∩H61 ≃ [0, 12c ]
which has volume 12c = 1/(
√
2 ·
√
H2).
Type 1: Real multiplication. Suppose that X has real multiplication, i.e., that
EndQ(X) = Q(
√
d) for some square-free integer d > 0. The endomorphism ring is
an order in EndQ(X), and hence of the form End(X) = Z+ fωZ, where f > 1 is an
integer and
ω =
{√
d if d ≡ 2, 3 (mod 4)
1
2(1 +
√
d) if d ≡ 1 (mod 4)
The isomorphism of groups
ϕ : NS(X)→ End(X), L 7→ φ−1L0φL
provides us with a lattice basis of NS(X), given by L0 = ϕ
−1(1) and Lfω := ϕ−1(fω).
The intersection matrix of this basis is(
2 0
0 −2f2d
)
if d ≡ 2, 3 (mod 4)
and (
2 f
f 12f
2(1− d)
)
if d ≡ 1 (mod 4)
This follows by considering the characteristic polynomial of fω in Q(
√
d) (which
coincides with the analytic characteristic polynomial of the endomorphism) and
applying [2, Prop. 5.2.3]. Therefore the discriminant is given by
∆(X) = −4f2d and ∆(X) = −f2d ,
6respectively. So by Prop. 1.1 we obtain for any ample line bundle H
Vol(Nef(X),H) =

1
2f
√
d(H2)
if d ≡ 2, 3 (mod 4)
1
f
√
d(H2)
if d ≡ 1 (mod 4)
The formula shows in particular that if we increase the “size” of the real multi-
plication
√
d, then the nef cone gets smaller at the rate of 1/
√
d. If we increase f
(thus making End(X) smaller), then the volume decreases at the rate of 1/f . This
shows that nef cone volume can become arbitrarily small.
Type 2: Complex multiplication. Suppose that X has complex multiplication,
i.e., that EndQ(X) is isomorphic to an imaginary quadratic extension of a real
quadratic number field.
We have EndsymQ (X) = Q(
√
d), where d is a positive square-free integer. Also
Endsym(X) has to be an order in EndsymQ (X), and hence the arguments given for
Type 1 apply here as well, when applied to the real-quadratic subfield EndsymQ (X).
Type 3: Indefinite quaternion multiplication. Suppose now that X has in-
definite quaternion multiplication, i.e., there are α, β ∈ Z \ {0} with α > β and
α > 0 such that EndQ(X) = Q+ iQ+ jQ+ ijQ, where i and j satisfy the relations
i2 = α, j2 = β and ij = −ji.
By [10, Theorem 7] we have End(X) = Z ⊕ Za ⊕ Zb ⊕ Zab, for some primitive
Rosati invariant elements a and b. In a rational quaternion algebra any element x
satisfies the equation x2 − t(x)x + n(x) = 0, where t(x) and n(x) are the reduced
trace and norm. Since the analytic representation ρan : EndQ(X) → M2(C) is a
ring homomorphism, the matrix ρan(a) is a root of x
2 − t(a)x+ n(a) and therefore
the characteristic polynomial of ρan(a) coincides with x
2 − t(a)x + n(a). The same
applies to b. Via the isomorphism
ϕ : NS(X)→ Endsym(X) = Z⊕ Za⊕ Zb, L 7→ φ−1L0φL
we get a basis
L0 = ϕ
−1(1), La = ϕ
−1(a), Lb = ϕ
−1(b)
of NS(X) and by [2, Prop. 5.2.3] we get their intersection matrix 2 t(a) t(b)t(a) 2n(a) n(a+ b)− n(a)− n(b)
t(b) n(a+ b)− n(a)− n(b) 2n(b)

The determinant of the matrix above turns out to be the half of the determinant of
the discriminant matrix
Sδ(a, b) =
(
δ(a) δ(a, b)
δ(a, b) δ(b)
)
,
where the (quaternion) discriminant form is given by δ(x, y) = t(x)t(y) − 2n(x, y)
with n(x, y) = n(x+ y)− n(x)− n(y). So we have
∆(X) =
1
2
det(Sδ(a, b))
7and therefore, we get by Proposition 1.1 for any ample line bundle H:
Vol(Nef(X),H) =
pi
√
2
3
√
|detSδ(a, b)|(H2)
3
2
.
Remark 2.1 (Non-principally polarized case) It would be very interesting to
see how the picture extends to the non-principally polarized case. A natural idea is to
try using the fact that every polarization is the pullback of a principal polarization:
Given any polarized abelian surface (X,L), there is an isogeny
f : X → X0
where X0 is an abelian surface carrying a principal polarization L0 with L = f
∗L0.
One might then hope to relate the discriminants ∆(X) and ∆(X0) via the isogeny
(e.g. its degree). However, it seems that there is no simple relation of this kind – to
illustrate this, consider the following two situations:
• Suppose that L generates NS(X) and is of type (1, d). (This case is in reality
uninteresting from a volume perspective because of ρ(X) = 1.) So f is of
degree d. In this case,
∆(X) = d ·∆(X0) .
• Suppose that X is a productE1×E2 of non-isogenous elliptic curves. There are
isogenies E1 ×E2 → E1 ×E2 of arbitrarily high degree, but the discriminants
∆(E1 ×E2) and ∆(E′1 ×E′2) are both 2, independently of the chosen isogeny.
3. Volumes of products of elliptic curves
In this section we consider productsX = E1×E2 of elliptic curves. We will determine
the nef cone volume Vol(Nef(X),H) with respect to any ample line bundle H on X.
We will work according to whether E1 and E2 are isogenous, and whether they have
complex multiplication – this amounts to three types A,B,C below. The results in
this section prove Theorem 2 from the introduction.
To begin with, recall that we have
End(X) =
(
End(E1) Hom(E2, E1)
Hom(E1, E2) End(E2)
)
.
We will use the following description of the symmetric endomorphisms:
Lemma 3.1 Let L0 be the principal polarization on X induced by the principal
polarizations on Ei. With respect to the Rosati-Involution associated with L0, one
has
Endsym(X) =
{(
a σ̂
σ b
)∣∣∣∣ a, b ∈ Z and σ ∈ Hom(E1, E2)}
(where σ̂ denotes the dual homomorphism of σ).
Proof. Let Λ1,Λ2 ⊂ C be the lattices defining E1, E2. The hermitian form belonging
to the principal polarization on Ei is given by Hi(x, y) =
1
a(Λi)
xy, where a(Λi)
8denotes the area of a period parallelogram of the lattice Λi. For an endomorphism
α =
(
α11 α12
α21 α22
)
∈ End(X), the Rosati dual α′ is given by
α′ = φ−1L0 α̂φL0 =
(
α11
a(Λ1)
a(Λ2)
· α21
a(Λ2)
a(Λ1)
· α12 α22
)
=
(
α11 α̂21
α̂12 α22
)
.
The assertion then follows, since either End(Ei) = Z or End(Ei) = Z+Zωi for some
ωi ∈ C \R. 
Type A: Products of non-isogenous elliptic curves. Suppose that E1 and
E2 are not isogenous. We fix the principal polarization L0 = OX(F1 + F2), where
F1 and F2 are the fibers of the projections. The fibers F1 and F2 are a basis of the
lattice NS(X), with intersection matrix
(
0 1
1 0
)
. So we have
∆(X) = −1
and therefore, with Proposition 1.1, we obtain for any ample H,
Vol(Nef(X),H) =
1
(H2)
.
Type B: Products of isogenous elliptic curves without complex multipli-
cation. Let E1, E2 be isogenous elliptic curves without complex multiplication.
Let σ : E1 → E2 be an isogeny of minimal degree. We start by observing:
Lemma 3.2 We have
Hom(E1, E2) = Z · σ.
Proof. Fix any isogeny α : E2 → E1. The mapping Hom(E1, E2) → End(E1),
δ 7→ αδ, is an injective homomorphism of groups. Therefore Hom(E1, E2) is of
rank 1. The assertion then follows from the minimality of σ. 
From Lemma 3.1 we see that
Endsym(X) =
{(
a bσ̂
bσ c
)∣∣∣∣∣ a, b, c ∈ Z
}
As a consequence we get, upon using the isomorphism
ϕ : NS(X)→ Endsym(X), L 7→ φ−1L0φL ,
a basis F1, F2, F3 of NS(X) with intersection matrix 0 1 01 0 0
0 0 −2 · deg(σ)
 .
So
∆(X) = 2 · deg(σ)
and hence by Prop. 1.1 we get for any ample H,
Vol(Nef(X),H) =
pi
3 ·√2 · deg(σ) · (H2) 32 .
9Example 3.3 In the preceding formula every positive integer occurs as a minimal
degree. In fact, consider for instance the elliptic curves E1 and E2 with Λ1 = Z+Zpii
and Λ2 = Z + Zkpii for fixed k ∈ N. Multiplication by k gives an isogeny E1 → E2
of degree k, and there are no isogenies E1 → E2 of lower degree.
Remark 3.4 A self-product E × E of an elliptic curve without complex multipli-
cation is of course a special case of the preceding considerations. However, this case
can be dealt directly, without referring to the endomorphism ring: The classes of
F1, F2 and the diagonal form a lattice basis of NS(X), and their intersection matrix
is  0 1 11 0 1
1 1 0

So we have ∆(X) = 2, and hence for any ample H,
Vol(Nef(X),H) =
pi
3 · √2 · (H2) 32
.
Type C: Products of isogenous elliptic curves with complex multiplica-
tion. Suppose now that E1, E2 are isogenous and have complex multiplication, i.e.,
EndQ(Ei) = Q(
√
d) for some square-free integer d < 0. We have End(Ei) = Z+fiωZ,
where f1, f2 > 1 are integers and
ω =
{√
d if d ≡ 2, 3 (mod 4)
1
2(1 +
√
d) if d ≡ 1 (mod 4) .
The crucial result in this part is that one can determine the discriminant of the
product X = E1×E2 in terms of ω, f1, f2, without explicitly referring to an isogeny:
Theorem 3.5 The discriminant of NS(X) is
∆(X) = −4 · LCM(f1, f2)2 · Im(ω)2.
With Prop. 1.1 we immediately conclude:
Corollary 3.6 We have for any ample H:
Vol(Nef(X),H) =

pi
6 · LCM(f1, f2)
√|d|(H2)2 if d ≡ 2, 3 (mod 4)
pi
3 · LCM(f1, f2)
√
|d|(H2)2 if d ≡ 1 (mod 4).
In the remainder of this section we will prove Theorem 3.5. We start by noting:
Lemma 3.7 The homomorphism group Hom(E1, E2) is a lattice in C.
Proof. For any nonzero λ ∈ Λ1, the mapping ψ : Hom(E1, E2)→ Λ2, σ 7→ σλ, is an
injective homomorphism of groups. Therefore the rank of Hom(E1, E2) is at most 2,
so it is in any event of the form Hom(E1, E2) = Zσ1+Zσ2. We show that σ1 and σ2
are linear independent over R: Assume to the contrary that there is an r ∈ R \ {0}
with σ1 = rσ2. Then we find an r
′ ∈ R \ {0} with f2ωσ2 = r′σ2, since f2ωσ2 is
a homomorphism E1 → E2. We conclude f2ω = r′, which is a contradiction since
f2ω ∈ C \R. 
10
We fix now some R-linear independent σ1, σ1 ∈ C with Hom(E1, E2) = Zσ1+Zσ2.
Then we have
Hom(E2, E1) = Zσ̂1 + Zσ̂2.
with the dual isogenies σ̂1 and σ̂2. Via the isomorphism
ϕ : NS(X)→ Endsym(X), L 7→ φ−1L0φL
and
Endsym(X) =
{(
a bσ̂1 + cσ̂2
bσ1 + cσ2 d
)∣∣∣∣∣ a, b, c, d ∈ Z
}
we get a basis F1, ..., F4 of NS(X) with intersection matrix
0 1 0 0
1 0 0 0
0 0 −2σ1σ̂1 −(σ1σ̂2 + σ2σ̂1)
0 0 −(σ1σ̂2 + σ2σ̂1) −2σ2σ̂2
 .
The determinant of the matrix above is
∆ = (σ1σ̂2 + σ2σ̂1)
2 − 4 · σ1σ̂1σ2σ̂2 = −4 · Im(σ1σ̂2)2.
Lemma 3.8 Let E′1 be an elliptic curve isomorphic to E1 and E
′
2 an elliptic curve
isomorphic to E2. If {δ1, δ2} is a basis of Hom(E′1, E′2), then we have
σ1σ̂2 = δ1δ̂2.
Proof. There are c1, c2 ∈ C with ciΛi = Λ′i. We have then
Hom(E′1, E
′
2) =
c2
c1
Hom(E1, E2).
and therefore
δ1δ̂2 =
c2
c1
σ1
̂
(
c2
c1
σ2) =
a(Λ′1)
a(Λ′2)
|c2|2
|c1|2σ1σ2 =
a(Λ1)
a(Λ2)
σ1σ2 = σ1σ̂2.

Proof of the theorem. After using a suitable isomorphism we can assume Λ1 ⊂ Λ2.
With the elementary divisor theorem we get
Λ1 = Ze1u+ Ze2v ⊂ Zu+ Zv = Λ2
with u, v ∈ C and e1, e2 ∈ N with e1 | e2. Using again suitable isomorphisms we can
assume (with Lemma 3.8) that
Λ1 = Z+ Ztτ ⊂ Z+ Zτ = Λ2
with t ∈ N and τ ∈ C \R.
As above, we have Hom(E1, E2) = Zσ1 + Zσ2 for some σ1, σ2 ∈ C. Because of
Λ1 ⊂ Λ2, the identity is an element of Hom(E1, E2). Furthermore, Z ·1 is a primitive
sublattice of Hom(E1, E2), since Hom(E1, E2) is a sublattice of Λ2, and the latter
11
contains no elements of Q \ Z. This shows that there is a basis of Hom(E1, E2) of
the form 1, σ. We fix such a basis for the remainder of the proof.
For any homomorphism λ : E1 → E2 we have
λ̂ =
a(Λ1)
a(Λ2)
· λ = |t · Im(τ)||Im(τ)| · λ = t · λ.
Because of 1 · λ̂ ∈ End(E2) and λ̂ · 1 ∈ End(E1) we get
λ ∈ 1
t
· (Z+ Z · LCM(f1, f2) · ω) .
So there is a k ∈ Z with
Im(σ) = k · LCM(f1, f2) · Im(ω)
t
. (∗)
The number κ := LCM(f1, f2) · ω defines an endomorphism of E1, so κ · 1 ∈ Λ1,
and hence there are integers x, y with κ = x+y ·tτ . Also, κ defines an endomorphism
of E2, and hence κτ ∈ Λ2. Now the number
yτ =
−x+ κ
t
defines a homomorphism E1 → E2, because yτ · 1 ∈ Λ2 and
yτ · tτ = −x+ κ
t
· tτ = −xτ + κτ ∈ Λ2 .
So we found that −x+κt ∈ Z + Zσ. Comparing now the imaginary part with (∗) we
conclude that k = ±1. Therefore we obtain, using (∗),
|Im(σ1 · σ̂2)| = |Im(1 · σ̂)| = |Im (t · σ)| = LCM(f1, f2) · |Im(ω)| ,
and this proves the theorem. 
Remark 3.9 A self-product E×E of an elliptic curve with complex multiplication
is a special case of Type C: In that situation we can take σ1 = 1 and σ2 = fω as
generators of Hom(E1, E2), and get the discriminant
∆(X) =
{
−4f2|d| if d ≡ 2, 3 (mod 4)
−f2|d| if d ≡ 1 (mod 4) .
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